THE JCR LECTURE SERIES

SIMON PEACOCK

ABsTRACT. These notes were collected during an adhoc series of seminars presented by Jeremy
Rickard in 2011 and 2012 under the title Things that might be useful to know during your PhD. The
topics covered include quivers and path algebras; simple modules, indecomposable projectives
and their correspondence; the functor category; and Auslander—Reiten Theory.

1. NOTATION AND CONVENTIONS

o k will always denote an algebraically closed field;

o A will always denote a finite dimensional k-algebra;

o The notation gL, Mg, g Ns denotes that L is a left R-module, M is a right S-module and
N is a left R-right S-bimodule;

o Functors will be k-additive.

o The material can be extended to the representation theory of Artin algebras, for more
information see [ARS9s].

2. FUNDAMENTALS

Definition (Quiver). A quiver Q = (V,E) is a directed graph. We define the maps s: E - V
and #:E — V to be the source and target maps. If & € E is an edge from e; € V to e, € V then
s(a) = e;and t(a) = e,.

Definition (Path). A path in a quiver Q is either sequence of edges p = ;... a, with t(a;) =
s(a;41) foreach1 < i < noravertex e; € V. The paths e; € V are called trivial paths. The
definitions of s and ¢ are extended in the obvious way for paths.

Definition (Path algebra). The path algebra for a quiver Q over a field k, denoted kQ is the k-
vector space with basis the set of all paths. For p, q € kQ the multiplication in kQ is defined as
follows

A 0mPr. . Pu A p=og..iapy

q=p1...Bnand
Ham)=Ss
pa = . i ) =s(B1)
p g =eyp)
q lfp = es(q)
0 otherwise

Note that the identity element of kQ is 1 = ;. e; a sum of orthogonal idempotents.

Definition (Representation). A representation of a quiver Q over a field kisa pair (V, f) with V a

[ARS95] Auslander, Reiten, and Smale,
Representation theory of Artin algebras,
Cambridge Studies in Advanced Math-
ematics, vol. 36, Cambridge University
Press, Cambridge, 1995

Example.

set of vector spaces { V; | i a vertex of Q} and f a set of k-linear maps {f‘x: ViV, | i > jan edge of Q}.

A representation is finite dimensional if each V; is finite dimensional.

Date: August, 2012.
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A morphism of representations h: (V, f) - (W, g) is a set of k-linear maps h;: V; - W; such
that for each i > j the following square commutes

=
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Given a kQ-module, M, we can obtain a representation of the quiver Q over k. Since 1 =
> ei € kQ, we have that M = @; Me;, a direct sum of vector spaces, one for each vertex. We
also have for each edge i 5 j € Qthat a = e;ae; and hence « induces a map p,: Me; - Me;
of multiplication by «a. Also from a kQ-homomorphism, h: M — M’ we get a morphism of
representations in the obvious way:

h,-:Mei —>M,€i
me; — h(me;) = h(m)e;

and commutativity of the square is given by u/ h(me;) = h(me;)a = h(me;a) = h(uy,(me;)) =
hug(me;).

Conversely, given a representation (V;, f,) we can construct a module, M, for kQ. We define
M = @, V; as a vector space with the action generated by

e = LT
oHp...0, [t(dn)fan ---fm”s(ocl)

where (;: V; — M is the natural inclusion and 7;: M — V; is the natural projection. Again a
morphism of representations, h; gives rise to a kQ-homomorphism, @; h; of the constructed
modules. Under this correspondence we have the following proposition.

Proposition 2.1. The category mod kQ of finitely generated kQ-modules and rep, Q of finite di-
mensional representations of Q over k are equivalent.

Definition (Quiver with relations). A relation on a quiver Q is a k-linear sum of paths from a
vertex i to a vertex j. Thatiso = Y, a,p, € kQ with a, € kand i = s(p,) and j = t(p,) for all
n.If p = {p:} is a set of relations then the pair (Q, p) is a quiver with relations and its associated
algebra is the quotient kQ/ {p). We will mainly consider relations for which J* < (p) < J?, where
] is the ideal generated by the arrows of Q. When this is the case we say p is a set of admissible
relations.

Proposition 2.2 (Semisimple). The following are equivalent for a finite dimensional algebra A:

o Ais semisimple;
o The regular module, A, is semisimple;
o All A-modules are semisimple.

Note. The endomorphism ring End(A4) is isomorphic to A under the mapping ¢ — ¢(1) and if
A= S{i‘ @ @S9 is semisimple then

X; 0 - 0
End(A) = {( 0 X v 0 ) ’X,- ad; xd; block}
0 -« 0 X,
=My, (k) x - x Mg, (k)
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Definition (Radical). Let M, be a right A-module. The radical of M is given by the following
equivalent definitions.

rad M =) {ker¢|¢: M — S, S simple}
=({N|N < M, N maximal}
= > {N|N <M, N superfluous}

Proposition 2.3. Some facts about the radical for an algebra A and a module M:

(a) rad A is an ideal of A;

(b) The quotient ﬁ is semisimple;
(c) The quotient rai\{IM = hd M is the maximal semisimple quotient of M (called the head of M);
(d) rad M = M rad A;

(e) (rad A)" =rad(rad(---rad A)---) = 0 for some integer n;

(f) rad A is the unique maximal nilpotent ideal.

(§) IfK < Ais a submodule such that K is nilpotent and 4 is semisimple, then K = rad A.

Consider the module J < kQ generated by the arrows of Q. It is clear that J is nilpotent and
since kQ/J = @, e;k is semisimple, we have that ] is the radical of kQ.

Definition (Socle). The socle, soc M, of M is dual to the radical and is given by the following
equivalent definitions.

socM =Y {im¢|¢$: M — S, S simple}
= > {N|N <M, N simple}
=({N|N < M, N essential }

Note that there is a correspondence soc M = hd(M*)*.

For a module M and ¢ € End M, we have a chain M > im¢ > im¢* > ---. If M is finite
dimensional (which is a standing assumption) then for some k, im ¢* = im ¢**!. In particular
¢k is idempotent and M = im ¢* @ ker ¢¥. We have the following proposition.

Proposition 2.4. For an indecomposable module M and ¢ € End(M) either ¢ is nilpotent or
¢ is an isomorphism. As radEnds(M) is the unique maximal nilpotent ideal rad Endy (M) =
{¢: M - M| ¢ is nilpotent}.

Recall that for bimodules g M5 and g N, we can give Homg (M, N) aleft S-right T-bimodule
structure via (sft)(m) = f(ms)t. Similarly for modules s My and N we have a bimodule
rHompg (M, N)s by (tfs)(m) = tf(sm). Note that for R-morphisms the R action is lost; the
action for the domain module moves side; and the action for the codomain remains on the same
side.

Two important specialisations of the above theory are that for an A-module M4 and a k-vector
space V both Homy (M, V') and Hom, (M, A) are left A-modules but note the difference in ac-
tion: if f € Homy (M, V') and g € Hom4 (M, A) then

(af)(m) = f(ma)  but
(ag)(m) = ag(m)
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Recall also that for a left A-module N and a right module M, the usual tensor product M % N
is a vector space over k and the functors

(—%N):modA - mod k

Homy (N, -):mod k -~ mod A
are an adjoint pair so that Homy (M ® N, k) ~ Hom, (M, Hom (N, k)) 2 Hom, (M, N*). That
A
is M® N = Hom, (M, N*)*.
A

3. PROJECTIVES

Definition (Projective module). A module P, is called projective if equivalently:

e The functor Homy4 (P, —) is exact;
e For any surjective map ¢: M — N and any map f:P — N there exists f": P - M such

that f = ¢ f';

M—N—>0

e Any exact sequence M — P — 0 splits;
e Pisa direct summand of AX for some k.

Definition (Projective cover). A projective cover of an A-module M is a projective A-module
P = Py of minimal dimension together with a surjection P - M — 0.

Theorem 3.1: Uniqueness of projective covers

IfPE M—0isa projective cover and Q BM-ois any projective module mapping onto
M then Q = P @ P’ for some P’ < ker . In particular projective covers are unique up to
isomorphism.

Proof. As P and Q are projective, each of the maps 7p, and 71, factors through the other

The composition S € End P and so for large k, we have that P = im (Ba)* @ ker (Ba)¥. Now
ker (Ba)* < ker mp(Ba)* = ker mp as mpPa = mp. This shows that im (Be)* maps onto M and
since it is also projective, the minimality of P implies S« is an isomorphism.

A similar argument shows that Q = im (a)* @ ker (af)* = P @ ker (aB)* with ker (aB)* <
Q. O

Proposition 3.2 (Facts about projective covers).
(a) For asimple A-module, S, its projective cover Ps is indecomposable.
(b) A module and its head share a projective cover: Ppr = Phg m-
(c) The projective cover of a direct sum is the direct sum of projective covers: Pygn = Py @ Py
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(d) A simple module is isomorphic to the head of its projective cover: S = hd Ps.
Proof.
(a) If Ps = P, @ P, then each of P; maps onto 0 or S. The minimality of Ps shows that only one

(b)

(0)

(d)

can map onto S and minimality again shows the other must be the zero module.

We have the exact sequence 0 - radM - M — hd M — 0 and so the projective cover of
Pha m — hd M factors through Png m 5 M. As Ppg » maps onto the head, M = im o + rad M
and since for finite dimensional modules the radical is superfluous M = im a. Minimality of
the projective covers now shows the result.

By the uniqueness of projective covers for some projective module Q we have

Puen ® Q =Py ®Py > MO N >0

with Q < ker ¢.
Let Kj; and Ky be the kernels of the projective covers and Q" < Q an indecomposable
summand so that we have the following diagram.

0 —>Ky®Ky —Py®Py —> Me&N—0

e

Ql

and so we have a3;: Q" - Ky = Py = Q" and an: Q' - Ky — Py — Q' with a; € End Q’.
As Q' is indecomposable a; is either nilpotent or an isomorphism, but since oy + ay = 1o
both cannot be nilpotent. By minimality we now have that Q’ is zero and the result follows.
The head of a module is semisimple solethd Ps = S; @ --- @ S,,. Now Ps—>hd Ps and so by
uniqueness of projective covers and part (c), Ps, ® - - @ Ps, is a summand of Ps. Now part (a)
gives the result.

0

The above proposition gives rise to a one-to-one correspondence between simple modules

and indecomposable projectives (up to isomorphism)

S Py
/_\L
simple indecomposable
{modules} projective
~____ modules
hdP << P

and a similar correspondence for injective modules:

St (Pg+ )"
7
simple indecomposable
{ P } injective
modules modules
\/
socl <41

Example. Consider the following quiver with the relation a3 = y4.
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VRN
N

The simple modules are

0 k
7N N
Si= k 0 S;= 0 0
NS NS

0 0

0 0
N /N
S5= 0 0 Sy= 0 k
N S N S

Using the fact that 1 = ) ; e; we can decompose the regular module kQ = @; e;kQ and so
P; = ¢;kQ = (p|s(p) = i) is projective. Since P;/rad P; = e;k is simple we see that P; are the
indecomposable projectives.

k k
7N /N
p= k k p= 0 k
NS N S
k 0
0

AN
k p,=0 k
\0/

In a similar fashion I; = (p|t(p) = i), see the discussion on page 10.
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AN AN
L= k 0 L= k 0
NS N S

0 0

0 k
N N
Ii= k 0 I,= k k
NS NS

Theorem 3.3:

The number of times a simple module S occurs in a composition series of a module M is
dimk HOInA(Ps, M)

Proof. We prove this by induction on the dimension of M.
Firstly if M is simple then Hom(Ps, S) 2 k and for a simple module T 2 S, Hom(Pr, S) = 0.
Now assume the theorem is true for modules of dimension less than dim M.
Let T < M be a simple submodule, and let M’ = M/T. We have an exact sequence

0-T->M->M -0
and after applying the functor Hom, (Ps, —) we obtain
0 - Homy (Ps, T) - Homy(Ps, M) - Hom4(Ps, M) — 0.

The number of times S occurs in a composition series of M is the number of times S occurs

in a composition series of M" if S 2 T and it is one greater if S = T. The result now follows
immediately. O

Corollary 3.4 (Jordan-Holder theorem). Any two composition series of a module M are equiva-
lent.

Theorem 3.5:

Let P4 denote the category of finitely generated projective A-modules.

The categories mod A and the functor category Fun(P3", mod k) are equivalent under the

mappings
modA <« Fun(P$’, modk)
M ~ Homu(-, M)
F(A) <« F
Proof.

O Homy (A, M) = M.

(: By additivity of the functors we need only check for the regular module, but Hom 4 (A, FA) =
FA. a
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Crazy Propaganda [A] (Finitely generated module). Given the above theorem we have an alterna-
tive definition: a finitely generated A-module over a field k is a functor from the opposite category
of finitely generated projective A-modules to the category of k-vector spaces.

For an A-module M, let add M = {N | N is a summand of M* for some k}, so that add A =
Pa.
Let E = Ends (M) so that Hom4 (M, -):mod A - modE is a functor from A-modules to
E-modules. It is clear that this functor takes M4 ~ Eg and restricting to add M we have an
equivalence of categories add M = Pg.

Let Py, ..., P, be a complete list of indecomposable projective A-modules and Q = Pld '®---®
Pff" with d; > 0 for all i. By the above argument we have an equivalence P4 = add Q =~ Prndq
and using theorem 3.5 we have mod A ~ mod End Q.

Conversely, given an equivalence of module categories mod A ~ mod B, then there is some
A-module X, such that X, < Bp and we must have that X = Pld‘ [ RN P,‘f” with each d; > 0.
Under this equivalence simples modules for A map to simple modules for B and we have

HomA(XA,SA) = HOIIlB(BB,Sllg) ~ 9.

where the isomorphism is as vector spaces. This demonstrates that the simple module S/ associ-
ated with the projective P! in B is d;-dimensional.

Definition (Basic algebra). An algebra is known as a basic algebra if all its simple modules are
1-dimensional.

Theorem 3.6:

|I Every basic algebra is the path algebra of a finite quiver with admissible relations.

Proof. Suppose E is basic so that E = End(P, @--- @ P, ) and let e; be the projection onto P;. The

identity map 1 = }; e;, a sum of orthogonal idempotents.
ej(radE)e;
ei(radE)?e;
{xa | @ € I} be the set of all such basis elements. Since rad E = @ e;(rad E)e; the set {x,} spans
rraac‘lizi. We wish to show that (e;, x,) generates E as an algebra.

We first show thatif T' = (oc ‘ a:P; —» Pj, a not an isomorphism> then the quotient % is semisim-

ple. In this quotient any map a: P; — P; with i # j is zero and so we have
E End P, End P,
e @ —" k"= e)).
T radEndP, rad End P, {ei)
Note that this is semisimple and since T is clearly nilpotent T' = rad E. Thus
E rad E E
* €iXg) = + = .
) {enxa) radE  rad’E rad’E
Next we show that if V < E is a subspace such that E' = (V') and rag—;E = MLZE then E = E'.
We show by induction that mg—kE = — fk — which is true by assumption for k = 2.
Assume E'[rad® E = E/rad" E:

Let x € rad* E so that x = Y sit; with s; € radE and ¢; € rad*"' E. Then there are §; = Si
(mod rad’ E)andt; = t; (mod rad” E) with 5, t; € E'. Now

x=Ysit;=». 51t (mod rad**™1)

For each i, j consider the spaces and for each space choose basis elements. Let

with Y 57%; € E.
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We now have by assumption that for x € E thereis y € E suchthatx — y =s € rad®. And by
the previous argument we have some u € E’ such thats —u =t € rad**!, which givesx = y+u

(mod rad**') which concludes the induction step. Since rad is nilpotent we must have E = E’
and by (x), E = (e;, x4 ).
Finally, for each x, there is a unique i and j such that x, = e;x,e;. We form the quiver, Q, on

n vertices with edges {x, } where i 5 j for this unique pair i, j.

We have
kQ — E
€; = €;
Xg P Xg
is a surjective algebra homomorphism with kernel K, J* < K < J2. O

Example. Consider the algebra

(****) P1
ok ok ok @ ®
0 % % % (0***) b,
A=10 0 « |~ @ =9
0 0 0 = (0 0 * x) P;
(&) (&)

(00 0 %) P

We have rad P, @ P;, rad P, @ P, rad P; 2 P, and rad P, 2 0. We also have that
0 * * * ) 00 % *
radA:(gg’(;I) and  rad A:(ggg;;).
0000 0000

From this we can see that we have three elements x,:

0100 0000 0000
0000 0010 0000
(0000)’ (oooo)’ and (0001)
0000 0000 0000

and we have the quiver

1—2—3—4.

We now describe an equivalence between the categories of finitely generated projectives and
injectives. Recall that the dual functor from right-modules to left-modules, D: (mod A)*" =
Amod taking M — M* = Homy (M, k), is a duality of categories. This forms a correspondence
between (right) projective A-modules and (left) injectives.

We can also contruct the A-dual functor —: (mod A)* — Amod that maps M — M" =
Hom, (M, A). This gives an equivalence between the full subcategories of finitely generated

(right) projectives and finitely generated (left) projectives.

.
{ f.g. projective }Op { f.g. projective }

right modules left modules

\/
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Definition (Nakayama functor). The Nakayama functor is the composition of the vector space
dual and A-dual functors and forms an equivalence between finitely Generated projective A-
modules, P4 and finitely generated injective modules, Zj:

Pa o I
P; +~ I;=DP/ =Homyu(P,A)"

We now look again at the indecomposable injective modules for a path algebra kQ. We
claimed earlier that these are the modules I; = (p| #(p) = i). Above we have shown that I; = DP}
and use these to demonstrate the earlier claim true. We also describe the action of kQ on I;.

Firstly consider a module map f:P; — kQ, we have that f(e;) = f(e?) = f(e;)e; and so
t(f(e;)) = i. Now consider p = e;p € P, we have that f(p) = f(e;)p and so f is fully determined
by its action on e;. Let p*, with #(p) = i denote the map [e; — p] so that P} = (p*|t(p) = i).
1 p=gq

. DV R K)
Also let p**: P} k be the map such that p**(g*) 0 otherwise

so that the p™*, with

t(p) = i form a basis for I;.

We wish to describe the action of A on I; and so first describe the action on P’. Let a € A and
p be a path with ¢(p) = i; (ap*)(e;) = ap™(e;) = ap and hence ap* = (ap)*, where 0" is simply
the zero map. Now consider q also with #(q) = i, we have (¢**a)(p*) = 9**(ap*) = **((ap)*)
and hence

*k
s _ ] P q=ap
14 { 0 otherwise
That is, a path a € kQ trims paths in I; from their source. Although in this discussion elements
of I; have been written with a double asterisk we these are clearly not needed and we have I; =

(p|t(p) = i) as claimed.

4. SYMMETRIC ALGEBRAS

Definition (Symmetric algebra). A finite dimensional algebra A4, is called symmetric if the fol-
lowing equivalent properties hold:

(i) There is alinear map 0: A — k with 6(ab) = 6(ba) and ker 6 contains no nonzero left or
right ideals;
(i) A= A* as A-bimodules;
(iii) For M € mod A, P € P, there is a vector space isomorphism Hom4 (M, P) 2 Hom, (P, M)*
that is functorial in both M and P;
(iv) For M € mod A there is an isomorphism of left A-modules M* = Hom, (M, A) that is
functorial in M.

Proof.

(i) = (ii) Define f:A - A*, by f(a) = [b+~ 6(ab)], then f is a homomorphism of
bimodules and has ker f = 0. Since the modules are isomorphic as vector spaces we
have that f is an isomorphism.

(i) = (i) Iff:A— A*isanbimoduleisomorphismthen 8 = f(1): A - k hastherequired
property.

(ii) = (iv) For an A-module M, Hom4(M, A) ¥ Hom,(M,Hom, (A, k)) as A = A* by
assumption and so Hom4 (M, A) Homk(M§>A, k) = M*.

(iv) = (ili) For M and P as in (iii) we have Hom4 (M, P) = Homy (M, Homy(P*, k))
as P = P** for finite dimensional P. Then Hom4 (M, P) ¥ Hom; (M ® P*, k) and so
A

Homyu (M, P)* = M ® P* = M ® Homy4 (P, A) with the last isomorphism given by (iv).

e 1



THE JCR LECTURE SERIES 1

Define a map
M ®Hom, (P, A) — Homu (P, M)
m@ ¢~ [p—m(p)]

When we consider P = A we have the following

me ¢ [p=>m¢(p)]
meid, M ®Homy (A, A) Homyu (A, M)

| -

m M M 6(1)

So that m = m®id, — [p— mp] —» m and the top map must be an isomorphism.
Now we have Hom, (M, A)* = M ® Homy (A, A) 2 Homy (A, M) and functoriality of

the isomorphism M* = Homu (M, A) gives the result for all P.
(iil) = (ii) LetM =P = Athen A2 Homy(A,A) 2 Homy(A,A)* = A",
O

Note that if A = kG is a group algebra for a finite group G then 0(¥,1,9) = A. satisfies
condition (i) and thus (finite) group algebras are symmetric.

Note also that since (iii) is a condition purely in terms of the modules of an algebra, if two
algebras have equivalent module categories—that is they are Morita equivalent—then one is sym-
metric if and only if the other is symmetric. If we have A = A; x A, then A is symmetric if and
only if A; and A, are symmetric.

Definition (Block). Let G be a finite group so that kG = A; & --- ® A, is a direct sum of inde-
composable bimodules. The bimodules A; are unique up to permutation and are called the blocks
of kG. Additionally, kG = A; x --- x A, as a product of algebras.

Proof. We begin with kG = A; @ --- ® A, as bimodules so that 1 = 3, e;. We have that A;A; ¢
AinAj={0} fori# jand therefore

eiej:{ e; ifi=j

0 otherwise

This shows that each A, is an algebra; it is straightforward to check that kG = A; x --- x A, is an
algebra isomorphism.

If welet kG = M @ N as bimodules then M = Me; @ ---® Me, and N = Ne; @ --- ® Ne,,. We
must then have A; = Me; ® Ne; and since A; is indecomposable we can define J = {i| A; = Me; }
andwehave M = @;; Aj,and N = @; A O

Note that since group algebras are symmetric, we can see from 4 (ii) that blocks are also sym-
metric algebras.

If X} isa kG-module then X = Xe;®---®Xe,, with each Xe; an A;-module; this demonstrates
that each indecomposable kG-module belongs to a block. Consider indecomposable modules X
and Y, that belong to different blocks so that X = Xe;, Y = Ye; with i # jand let ¢: X — Y be
a module homomorphism. Then ¢(x) = ¢(x)e; = ¢(xe;) = 0 for any x and so there are no
non-zero maps between modules of different blocks.
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Crazy Propaganda [B]. Let Id:mod kG — mod kG be the identity functor so we have
d(X)=Xe;®--- & Xe,
- F(X) @ ® Fy(X)

for functors {F;} and so a block is really an indecomposable direct summand of the identity
functor.

5. FUNCTOR CATEGORY

Aswe saw in theorem 3.5 the category mod A is equivalent to the functor category Fun , (proj—A°?, mod k)
and so we now consider some theory for the larger functor category of Fun ;(mod A°?, mod k) =
Fun(A).

We begin with Yoneda’s lemma, which is usually stated in terms of functors to Set, however
we are concerned with the k-additive form.

Lemma 5.1 (Yoneda). Let C be a pre-k-additive category and F:C — mod k a k-additive functor.
For M € C there is a natural isomorphism of vector spaces

{ :Hom¢ (-, M) > F N
|11 a natural tmnsformation} -

nen,, (idy)

FM

Lemma 5.2 (Hom is projective). The hom functor Homyu (-, M) is a projective object in Fun(A).

Proof. Let F; > F, — 0 be an exact sequence in Fun(A) and 7: Homy(—, M) — F, a natural
transformation. Thus we have an exact sequence

x /> 1, (idm)

EM EM 0

apm
where x = &)/(idy) for some natural transformation &: Homu (-, M) — F;. The composition
a o & is determined by (a o &) a(idar) = apr(x) = 77, (idar) and so o & = 7. O

Definition (Finitely generated). A functor F € Fun(A) is finitely generated if for some M e
mod A there is an exact sequence Homy (-, M) — F — 0.

Definition (Finitely presented). A functor F € Fun(A) is finitely presented for some N, M €
mod A there is an exact sequence Hom4 (-, N) - Homy (-, M) - F - 0.
In other words: F is finitely generated and its kernel is also finitely generated.

Note that if Hom(-, N) — Hom(-, M) — F — 0 is a finite presentation then we obtain
0 - K - N — M using Yoneda and taking the kernel K. As Hom is left exact we then get

0 - Hom(-,K) - Hom(-, N) - Hom(-, M) - F - 0.

This shows that a finitely presented functor has a projective resolution with three terms.

5.1. Simple functors. Let S € Fun(A) be a simple functor so that there is some indecomposable
module M with SM # 0. Using Yoneda we must have an exact sequence Hom(-, M) - S — 0
showing that § is finitely generated. We now consider the kernel functor K

0 - K - Hom(-, M) 5 § > 0.
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Let a: N — M be a split epimorphism so that N = M & M’. The inclusion M > M & M' = N
induces

idy ﬂM(idM)$O

idy Hom(M,M) T’ SM

.

« Hom(N,M) —— SN

and hence « is not in the kernel of 7.

Conversely let us define rad (N, M) = {& € Hom4(N, M) | & not a split epimorphism} and
show that rad (-, M) = ker 7.

To see that rad(—, M) < Hom(—-, M) is indeed a subfunctor the diagram

«
N——M

/ﬁ
s

N/

shows that if « is not split epic then a o § cannot be split epic. The fact that idy, ¢ rad(M, M)
shows that it is a proper subfunctor.
We have that K < rad(—, M) < Hom(—, M) and so there exists a 0

0:§ = Hom(-, M) N Hom(-, M)
K rad(—, M)
As 0 # 0 we know that ker 6 = 0 and hence K 2 rad(-, M).
Given the above we can write a simple functor S in the form
Hom(N, M)
rad(N, M)

SM(N) =

with M indecomposable and we have that S (N) = 0 unless M is a summand of N. In particular

M _ _EndM o
§ (M) - rad%ndM = k.

As a special case of the above consider P an indecomposable projective module so that
0 - rad(-, P) - Hom(-,P) - $* -0

is exact.

If a: X — P is a surjection then it necessarily splits. On the otherhand, if « is not a surjection
then it must map into rad P as this is the unique maximal submodule. We now have rad(-, P) =
Homy (-, rad P) and that

0 - Hom(—, rad P) - Hom(—, P) - ¥ =0

is a projective resolution of S.

We have shown that in general simple functors S™ are finitely generated and for projective
modules S? is finitely presented. However, the following result shows all simple functors S €
Fun(A) are finitely presented.

Theorem 5.3: Auslander-Reiten

|I A simple functor S is finitely presented.
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Proof. Recall that D = Homg(—, k) is the dual functor and -V = Homy(—, A) is the A-dual
functor.
Let P be a projective module then

Homy (-, DPY) = Homu (-, DHom, (P, A))
= Homy (- ® Homyu (P, A), k)
A

= D(—%HomA(P, A))

~ DHomyu (P, -)

with the last isomorphism given by m® ¢ — [p — m¢(p)].
For any module X we can construct the map
End M

H X,M)®H M,X) —— EndM —— — =k
om( )k oma( ) n radEnd M

a®p ! aof

Thinking of & o 8 as its image in k this gives rise to a natural map
Homy (X, M) - DHomyu (M, X)
a~[Braop].
Hence we have a natural transformation
¢:Homy (-, M) — DHomyu (M, -).

If a € rad(X, M), then a o § € rad End M for all 8 and so ker ¢ < rad(-, M). Conversely if «
is a split epimorphism then taking 8 such that « o 8 = id shows that ker ¢ = rad(—, M).
We now have that im ¢ = S and so we can factor ¢ via

Hom (-, M) — S — DHom, (M, -)
Now let P, - Py - M — 0 be a minimal projective presentation (via projective covers) of M.

As D Hom is right exact we obtain

DHomy(P;,-) — DHomy(Py,0) — DHomy(M,-) — 0

Homy (-, DP)') — Homu(—, DPy)

A
v

Homy (-, M) sM 0

. . — “Note that we call TM the Auslander-
where y exists as Hom 4 (-, M) is projective. Reiten translation of M. See [ASSo6,

Using Yoneda we can move between natural transformations Hom(—, X;) — Hom(—, X;)  chapter IV] for more details.
and module homomorphisms X; — X,. Thus we can construct the following diagram where Y

is the pullback and 7M is the kernel of DP’ — DPy (and hence also the kernel of the pullback)” ~ [ASSo6] ~ Assem,  Simson, ~ and
Skowronski, Elements of the representa-

tion theory of associative algebras. Vol. 1,

0 ™ Y----- > M London Mathematical Society Student
! Texts, vol. 65, Cambridge University
H ’ l Press, Cambridge, 2006,

0 ™ DpY DPy
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Now by applying the Hom, which is left exact, we can complete the diagram from above

DHomy(P;,-) — DHomyu(Pp,0) — -

0 — Homy (-, M) — Homy (-, DP’) — Homy(—, DPy)

| ! d

0 — Homy (-, 7M) —> Homyu (-, Y) —— Homu (-, M) — =

and have that S™ is finitely presented. O

Let M be an indecomposable module, that is not projective, so that S™ is finitely presented by

0 — Hom(-,7M) — Hom(-,Y) — Hom(-,M) — gM — 0

As M is not projective, by applying this sequence to A we have

0 — Homy(A, M) — Homy (A, Y) — Homy (A, M) — SM(A) — 0
112 112 112 112
0 ™ Y M 0

Now consider 6 € rad(X, M). By construction rad(—, M) was the image of Hom(—, Y) in
Hom(—, M) and hence there is a 0 lifting 0:

Notice for that the same reason if 6 is a split epimorphism then no such 8 exists. Such a sequence
is called almost split (see the following definitions).

5.2. Almost split sequences.
Definition (Almost split). A map a: N — M is called right almost split if the following two
conditions are satisfied

e « is not a split epimorphism;

e if 0: X — M is not a split epimorphism then there exists 0: X - N such that a6 = 0.

If additionally ker « contains no (non-zero) summands of N then « is called minimal right almost
split. The definition of (minimal) left almost split is dual to that above.

Definition (Almost split sequence). An exact sequence 0 — K — N > M — 0 is called an almost
split sequence if a is minimal right almost split.

Note that by proposition 5.5 we can see the definition could easily have been in terms of mini-
mal left almost split maps.
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Theorem 5.4: Uniqueness of minimal almost split

If X 5 M is minimal right almost split and Y LY} is right almost split (not necessarily
minimal), then Y 2 X @ X’ for some X’ < ker . In particular minimal right almost split
maps are unique up to isomorphism.

Proof. The proof follows a similar argument to the uniqueness of projective covers, theorem 3.1.
O

Proposition 5.5. The property of being an almost split sequence is self dual. That is if 0 - K LA
N 5 M — 0 is an almost split sequence then B is minimal left almost split.

Proof. Assume that « is minimal right almost split and ¢: K — X not a split monomorphism. If
N' is the pushout of K — N and K — X then we have the diagram below.

B «

0 K N M 0
f , 9

0 X N M 0

If g is a split epimorphism then f is split monic and ¢ trivially factors through 6.

Now if g is not a split epimorphism then g is right almost split since any not split epic map to
M factors through « and hence through g. By the uniqueness of minimal right almost split maps
wehave N = N® N” and N” < ker g. Now X =ker g = kera® N” = K® N”, which contradicts
the assumption. O

It is fairly straightforward to see that the last map in the sequence 0 - M - Y - M - 0
from theorem 5.3 is minimal right almost split and so the sequence is almost split. Also by the
following lemma M is also indecomposable.

Lemmas.6. (a) If a: M — N is minimal right almost split then N is indecomposable.
(b) If a: M — N is minimal left almost split then M is indecomposable.

Proof.

(a) Assume that N = N; @ N, with N; # 0 # N,. Then the inclusion &;: N; — N is not a split
epimorphism and so there is 77;: N; — M with an; = €. Clearly 1y = & + & = a(m + m3)
and « is split epic.

O

Definition (Irreducible). A map 0: X — Y is called irreducible if it is neither split epic nor split

X Y
monic and, if the diagram f\‘ /; commutes then either f is split monic or g is a split
VA

epic.
Lemma s5.7. Any irreducible map 0: X — Y is either an epimorphism or a monomorphism.

9
X Y
Proof. 'We have NS and so im 8 is isomorphic to either X or Y. O

im 6
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Proposition 5.8. If a: N — M is minimal right almost split the « is irreducible.

Proof. Assume for some X we have the following diagram

o

N = M
kA
X

Now if g is not split epic then there is an / such that ah = g. We must have hf is an isomor-
phism by minimality of & and so f is split monic. O

We have previously define rad(—, M) for indecomposable modules M, we now generalise the
definition.

Definition (rad(X, Y)). Let X, Y € mod A. We define rad(X, Y) < Hom4(X,Y) to be the set
of maps that do not map any summand of X isomorphically to a summand of Y. That is

rad(X,Y)
= {f:X =Y | if a is the composition
M- X A Y - M with M indecomposable,
then « is not an isomorphism }

We define inductively rad” (X, Y) as

rad"(X,Y)
= {fiX~>Y|f=ghwithgerad"'(Z,Y)
and h € rad(X, Z) for some Z }
= {fiX>Y|f=ghwithge rad" " (Z,Y)
and h € rad*(X, Z) for some Z,0 < k < n }

Note that for indecomposable Y this matches the earlier definition and also if « € rad(X, Y)
then SM(a) = 0 for all indecomposable modules M.
If M and N are indecomposable then we have

Homu(N,M) M2%N

rad(N’M):{ rad End M M=N

For M, N indecomposable it is clear to see that {a: N - M |« irreducible} = rad(N, M)
rad®(N, M).

Take again the sequence 0 -~ TM — Y > M and consider an irreducible map 6: N - M from
an indecomposable module N to M.

0 T™N Y M

Since 6 is not split epic it must factor through « and so f must be split monic. This means that N
is a summand of Y and since (Krull-Schmidt) there are only finitely many summands we know
that there are only finitely many N for which an irreducible map exists.
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rad(N,M)
rad?(N,M)

Since this is a basis we clearly have Y a; ¢ rad®(N, M) and hence irreducible, this immediately
gives Y = N" @ Y'. Conversely, if Y = N" @ Y’ and a: Y — M is minimal right almost split
(and therefore irreducible) then o = a; & -+ ® a, ® S where a;: N - M and 3: Y’ — M, then

rad(N,M)
radz(N,M)) zn

Now for indecomposable modules M and N, consider the space withbasis {ag,..., a,}.

we have any non-zero linear combination of these is irreducible and hence dim (
This shows that the following definition is consistent.

Definition (Auslander-Reiten quiver). The Auslander-Reiten quiver for an algebra A has a vertex
for each isomorphism class of an indecomposable module of A. If M and N are indecomposable
modules then there are exactly n edges [N] — [ M] where # is equivalently given by

e 1= dim(;:;z((%);

e 0> 7M—> N"®Y - M — 0 is an almost split sequence with N not a summand of Y.
e 0> N—>M"®&X — 7'N — 0is an almost split sequence with M not a summand of X;
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