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ABSTRACT. In this article we present an upper bound on the representa-
tion dimension of the group algebra of a group with an elementary abelian Sylow
p-subgroup. Specifically, if k is a field of characteristic p and G is a group with
elementary abelian Sylow p-subgroup P, we prove that the representation dimen-
sion of kG is bounded above by the order of P. Key to proving this theorem is
the separable equivalence between the two algebras and some nice properties of
Mackey decomposition.

1 Introduction

The representation dimension of a finite dimensional algebra over a field was intro-
duced by Auslander in [Ausy1] with the hope that it would measure how far an alge-
bra was from being of finite representation type. Auslander showed that an algebra
is of finite representation type if and only if its representation dimension is at most 2.
For the past 50 years, representation dimension has proved very difficult to calculate
in general, with most results offering only bounds on the dimension. Two major re-
sults came from Iyama in 2003 and Rouquier in 2006. Iyama showed in [Iyao3] that
representation dimension is always finite. In [Rouo6], Rouquier gave the first exam-
ple of an algebra with representation dimension greater than 3 and in the same article
provided a family of algebras that demonstrate representation dimension can be arbi-
trarily large.

In this article we follow the ideas of Iyama, which were later refined by Ringel in
[Rin1o] and utilised by Bergh and Erdmann in [BE11]. We use these ideas to establish
an upper bound for the representation dimension of certain group algebras kG. Specif-
ically, if k is a field of characteristic p and G is a finite group with elementary abelian
Sylow p-subgroup P, then we show that repdim kG < |P|.
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2 PRELIMINARIES

Theorem 4:

Let k be a field of characteristic p. If G is a finite group with elementary abelian
Sylow-p subgroup P then
repdim kG < |P|.

This article is structured as follows: in section 2 we provide the necessary prelimi-
nary definitions and results. In section 3 we present the ideas behind the proof and in
section 4 we give the full details of the result.
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2 Preliminaries

2.1 Representation dimension

Definition (Projective dimension). Let A be a finite dimensional algebra over a field,
let M be a finitely generated (right) A-module and let

*»Pn*»*»PZ*»PI*»PO*»M*»O

be a projective resolution of M. We say that the resolution has length n if P, # 0 but
P; = 0 for all i > n. If this property does not hold for any #, then the resolution is of
infinite length.

The projective dimension of M, denoted by pd(M), is defined to be the minimal
length of a projective resolution of M.

Definition (Global dimension). Let A be a finite dimensional algebra over a field. The
global dimension of A, denoted by gldim(A), is defined to be the supremum of the
projective dimensions of all finitely generated (right) A-modules.

gldim(A) = sup {pd(M) | M an A-module}

Definition (Generator/cogenerator). Let A be a finite dimensional algebra over a field.
A module M is said to generate mod A, the category of finitely generated right A-
modules, if for any module N € mod A there is a positive integer n and an epimor-
phism

M" — N —0.

A module M is said to cogenerate mod A if for any module N € mod A there is a
positive integer n and a monomorphism

0— N— M".
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Note that M is a generator of mod A if and only if M contains each finitely gen-
erated indecomposable projective A-module as a direct summand. Similarly, M is a
cogenerator of mod A if and only if it contains each finitely generated indecomposable
injective A-module as a direct summand. In the case of self-injective algebras, such as
group algebras, these two properties are equivalent. For more details regarding gener-
ators and cogenerators, and their relationships to projective and injective modules see,
for example, [AF92, sections 8, 17 and 18].

Definition (Representation dimension). Let A be a finite dimensional algebra over a
field. The representation dimension of A is defined by:

repdim(A) = inf { gldim ( Ends(M )) ’ M generates and cogenerates mod A}

If A is semisimple then each module is projective and hence repdim A = 0. Oth-
erwise, Auslander showed in [Ausy1] that repdim A = 2 if and only if A is of finite
representation type; that is A has only a finite set of isomorphism classes of indecomp-
osable modules.

2.2 Separable equivalence

Separable equivalence of finite dimensional algebras was introduced by Linckelmann
in [Lin11] and Bergh and Erdmann first discussed separable division in [BE11] as a
refinement of the idea. The same concept for rings was studied by Kadison in [Kadgs]
and [Kad17].

Definition (Separable division/equivalence). Let A and B be finite dimensional alge-
bras over a field. We say that A separably divides B if there are bimodules , M and
NN, such that

(a) the modules ,M, My, ;N and N, are finitely generated and projective; and

(b) there is a split bimodule epimorphism , M % N,—» A,

We say that A and B are separably equivalent if A separably divides B and B sepa-
rably divides A.

If k is a field of characteristic p and G is a finite group with Sylow p-subgroup P,
then kG is separably equivalent to kP. This fact was noted by Linckelmann in [Lin11]
and the bimodules giving the equivalence are , ,kG, . and , .kG, , (and the associated
tensor functors give induction and restriction). This separable equivalence will play a
major role in establishing an upper bound for the representation dimension of group
algebras.

It was shown in [Pea1y] that the representation type of an algebra is preserved
under separable equivalence, but much less is known with regard to representation
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dimension. Bergh and Erdmann ([BE11]) used the separable equivalence between cer-
tain symmetric-group algebras and the group algebras for their Sylow p-subgroups to
prove bounds on representation dimension must hold. Following this work (at a talk
in 2015 [Ber1s]) Bergh asked to what extent representation dimension is preserved un-
der separable equivalence. Specifically Bergh asked the following two questions, both
of which still remain open.

Question. 1If finite dimensional algebras A and B are separably equivalent does this
mean that repdim A = repdim B?

Question. If finite dimensional algebras A and B are separably equivalent and
repdim A = 3 does this mean that repdim B = 3?

Note that since separable equivalence is known to preserve representation type we
also know that a representation dimension strictly less than three is also preserved.

3 Bounding representation dimension

Auslander showed in [Ausy1] that the representation dimension of a selfinjective al-
gebra is bounded above by the algebra’s Loewy length, that is the length of its radical
series. In this section we will establish a different upper bound for the representation
dimension of a group algebra based only on the size of its Sylow subgroups. Specif-
ically we will show that if k is a field of characteristic p and G is a finite group with
elementary abelian Sylow p-subgroup P, then repdim kG < |P|. Note that if # is the
rank of the elementary abelian p-group P, then the Loewy length of kP is n(p—1) +1,
which is in general less than |P| = p”. Thus in many cases Auslander’s bound is better
than the one we prove here; the advantage of our approach is that we no longer need
to know anything directly about the group algebra kG, and so in particular may not
know its Loewy length.

We will establish the upper bound for representation dimension by providing an
explicit construction of a generator M, and demonstrating that the global dimension
of End M is less than or equal to the given bound. We will begin with some elementary
definitions and an overview of the ideas behind the proof before giving the full details
in section 4.

Definition (Additive closure). Let A be a finite dimensional algebra over a field and
let M be a set of finitely generated A-modules. We define the additive closure of M,
denoted add M, to be the full subcategory of mod A whose objects are finite direct
sums of direct summands of modules in M.

there is a finite subset { My,..., M,} € M and

2dd M = IN e mod A positive 1ntegefs ni, ..., n, such that N is a direct
summand of ) M}"
i=1

If M = {M} is a singleton set then we use the alternative notation add M = add M.
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Notation. Let C be a category. We denote the full category of indecomposable objects
of C by ind C. If M is a set of finitely generated modules then we mirror the notation
above and denote indecomposable objects of add M by ind M. Similarly we denote
the indecomposable summands of a module M by ind M.

Theorem 1: Bergh and Erdmann [BE11, theorem 2.3]

Let A and B be finite dimensional algebras over a field k and suppose there exists
a B-module M such that

(a) A separably divides B through , X and ;Y,; and

(b) HOIIlA(Y,M% Y) € addg M
then gldim(EndA(M%) Y)) < gldim(Endg(M)).

In our situation we have k a field of characteristic p, G a finite group and P a Sylow
p-subgroup of G. Now in the language of Theorem 1 if we let

A = kG B = kP X = kaGkP Y = kPkaG

then Property (a) is immediate from Linckelmann’s original observation in [Lini1]. In

Property (b), M I? kG is simply induction M? and HomkG( kG, N ) is restriction
P

N Ii) for any kP-module M and any kG-module N. We therefore have the following

corollary.

Corollary. Let P be a Sylow p-subgroup of G and k a field of characteristic p. If M is a
k P-module such that M% € add M then

gldim(Ende(M?)) < gldim(Endgp(M)).

In light of this corollary, if we can find a generator M of kP, such that add M
is closed under induction to any group G that contains P as a Sylow p-subgroup, and
restriction back down to P, then the representation dimension of kG is bounded above
by the global dimension of Endyp(M).

Definition (Restriction of scalars). Recall that if ¢: H — L is a homomorphism of
groups and M is an L-module then we may give M the structure of an H-module by
restriction of scalars where we define the product mh = m¢(h) for all m € M and
h € H. We denote this L-module by M i Note that if ¢ is the inclusion of a subgroup

then M i =M Ig is the usual definition of the restriction of a module to a subgroup.
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Let us assume that for a p-group P we have a finite set of modules M p with the
properties:

(res-ind) if X € Mp and L is a subgroup of P then Xﬁ € add Mp;

(isom) if H and L are subgroups of P and there is an isomorphism ¢: H = L then

ind((/\/lp%)i) = ind(MpIJ_rI),

where /\/lpi[ = {X#X € Mp} and (Mp%)i = {(X%)gib|X € Mp} are respec-

tively the sets of modules obtained by restricting directly to H or by first restrict-
ing to L and then restricting to H via the isomorphism ¢.

For any group G that contains P as a subgroup, Mackey decomposition gives us

M= @ (Mes) b ¢

s71PsnP
sep\G/p

and so if
M= @ X
XeMp
then the properties (res-ind) and (isom) mean that add M is closed under induction-
restriction. If M is also a generator for kP then we can use the global dimension of
Endyp M to simultaneously bound the representation dimension of all group algebras
for groups with P as a Sylow p-subgroup.

4 Elementary abelian groups

In this section we will define a class of modules for elementary abelian p-groups that is
closed under induction-restriction and that contains a generator of the group algebra
(the regular module). Throughout this section we fix a prime p and a field k of char-
acteristic p. Using the remarks made at the end of section 3 we will use this class of
modules to bound the representation dimension of group algebras for all groups with
the given elementary abelian p-group as a Sylow p-subgroup.

We begin with some notation and then describe the class of modules M p, which
we alluded to in section 3.

Notation. Let N be a module with Loewy length # € IN, denoted Lowlen N = n. That
is rad” N = 0 but rad""' N # 0. For any positive integer n we denote by N(m) the

quotient module
N

Nipy = ———.
()~ rad™ N
By convention we let rad” N = N and N(,,) = 0 whenever m < 0. Notice that if
0 <m < n=LowlenN then the Loewy length of N(,,) is m.
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We denote by tN the quotient module tN = N(,,_y. That is, v is an operator that
reduces the Loewy length of a non-zero module by one.

Definition (Mp). Let P be an elementary abelian p-group and k a field of characteris-
tic p. Let Mp be the set of indecomposable kP-modules that is minimal with respect
to the following properties:

(@) kP e Mp;
(b) if X € Mp and H is a subgroup of P then ind(XI%)) c Mp;
(c) if X € Mp and m is a positive integer then ind(X(m)) c Mp.

Property (a) of this definition means that M p contains a generator of kP and prop-
erty (b) is simply stating that the class is closed under the (res-ind) property. To see
that M p is also closed under (isom) we first note that Mp is closed under automor-
phisms of P. Now an elementary abelian p-group is isomorphic to a vector space over
the field of p elements and a subgroup is simply a subspace. To see that (isom) holds
we use the fact that any isomorphism between subspaces of a vector space can be ex-
tended to an automorphism of the whole space; thus the same holds for P. If Mp is a
finite set then we are in the position described at the end of section 3 and can use Mp
to find an upper bound for the representation dimension of kG for any finite group G
with a Sylow p-subgroup isomorphic to P.

We have not yet mentioned property (c) of the definition: this property means
we obtain a strongly quasi-hereditary endomorphism ring. By a result of Ringel in
[Rin1o], this is known to have finite global dimension. If we excluded property (c) we
could still calculate an upper bound for representation dimension, however in general
this value would be infinite.

4.1 Finiteness of M

We continue the assumption that P is an elementary abelian p-group and first aim to
show that Mp is a finite set. We will do this by defining a finite collection of modules
Np and by demonstrating that this is an alternative description of Mp. We define Np
inductively: if P is the trivial group then Np = {k}, otherwise we define N/p by

sz{r"(xlf)‘XeNHwith\P:H\:pand0g1<p}

In order to show that M p and Np are the same set we require the next three lemmas.

Notation (Subgroup). We use the notation H < G to mean H is a subgroup of G. In
order to indicate that H is a proper subgroup of G we use the notation H < G.

Lemma 4.1. Let H be a proper subgroup of the elementary abelian p-group P.
If X € My then XIT) € Mp.

[Rin1o] Ringel, Iyamas finiteness
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Proof. Aswe are working in a p-group and each X € My is indecomposable we have

P
that X4 is also indecomposable. This is a simple application of Green’s indecompos-
ability theorem: see [Gres9] or [Benoi, theorem 3.13.3].

Next we note that each X in My can be obtained from X, = kH after applying a
finite number of steps X; — X where

(a)
(b)

X4 is a summand ofX,%? for some subgroup L < H; or

Xi+1 is a summand of (X;)(,,) for some positive integer m.

P
It is clear that kH4 € Mp and we will prove the result by induction on the number of
steps required to obtain X. We assume that X is obtain from Y in one step and that

YIT)G Mp.

(a)

(b)

Let us assume that L < H and X is an indecomposable summand of Y%I We
know by Mackey decomposition that Y is a summand of Y? 1‘—L1 and so X? isa

summand of YIT)%). All such summands are in M p by the assumption on Y and
the definition of Mp.

Assume that X is a summand of Y{,,,) for some positive integer m and note that
without loss of generality we may assume that H is an index p subgroup of P:

H=(g2,---»9n) <{9,92>--->9n) = P.

If we let x = (g1 — 1) then the induction of Y to P can be decomposed as

Similarly we have

—

p_
rad” (YITJ) *>@rad™*Y k® x°.
H

s=

We can put these together and get that

p-1

P
(7)o 2 D Yors 27

s=

In particular (( YITJ) (m) ) 1%1 contains Y(,,) asa summand and therefore also X asa

P
summand. That X4 € Mp is now immediate from the initial assumptions. [
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Lemma 4.2. Let H be a proper subgroup of the elementary abelian p-group P.
If X € Mp then ind(XiI) c My.

Proof. We will follow a similar idea to the proof of Lemma 4.1.

The result is clear when X = kP and so we assume that X is obtained in one step
from Y € Mp and that ind(Y% ) € M for any proper subgroup L < P.

P
(a) Let us assume that L < P and X is an indecomposable summand of Y%T' Thus

there is a module Z € M such that X = ZIT). By Mackey decomposition we then
have

H H
Xho= o2z re ez s

|P : LH|-copies

and summands of this are in My by the induction hypothesis and Lemma 4.1.

(b) Consider X = Y/, for some positive integer m. Without loss of generality we

may assume that there is a subgroup L < Pand Y = ZIT) for some Z € M| and
that both H and L are index p subgroups of P. We have

H=(h,gs, ..., gn)
L= <l,g3,...,gn)
Suppose H # L so that we may decompose (kP),,) as L-H-bimodules
p-1 _
(kP)om) = DKL) i, ©, (h=1)"
Thus

p-1 .
2Z® kKL)(m-iy ® (h-1)'
(@), 8, (h-1))

k
p-1 .
*PZn ® (h-1)
i=0 ( )k[LﬂH]( )

and so the result holds by the induction hypothesis. In the case that H = L a
similar argument applies. O

Lemma 4.3. Let P be an elementary abelian p-group and let H < P be a subgroup of
index p. If X is a kH-module then for any positive integer m

(Xl;)(m) = (X(m)ITJ)(m)
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Proof. For a kP-module Y we have that Y(,,,) 2 Y Ifb (kP)(m) and so
P

P
X > X ® (kH kP
( (m)T)(m) 1?1( ) (m) k‘%( ) (m)

Fix g € P and consider the automorphism of H given by conjugation: h +~ g 'hg. This
map preserves rad(kH) for each g € P and therefore rad(kH)kP = kPrad(kH) is a
two-sided ideal of kP. This ideal is nilpotent (as rad(kH) is nilpotent) and hence must
be contained in rad(kP). Similarly rad™ (kH) < rad” (kP) and so the map

(kH) (m) @ (kP) (m) — (kP) (m)

[r] ® [4] = [hg]

is well-defined with inverse [g] — 1®[g]. We therefore have that

112

P P
X ~ X kH kP X kP ~ (X
( <m>T)(m) ® (kH)(my ® (KP)(m) ® (kP)(my = (X1

Proposition. Let P be an elementary abelian p-group.
Then Np = Mp.

Proof. 1t is clear that Np = Mp when P is the trivial group. We will proceed by
induction on the rank of P.

From Lemma 4.1 we see that Np € Mp, so we need only show that Np is closed
under the three properties defining Mp.

Let H < P be an index-p subgroup. Since kH € My we have that kP € Np. Next
we consider the restriction-induction property. Given X € Np ¢ Mp we know by
Lemma 4.2 that summands of X % are in M, we also have that there is an index p

subgroup H of P with L < H < P and by Lemma 4.1 summands of X 51 are in My,

P
thus we have that summands of X %T are in NVp.

Now we need only show that \p is closed under taking quotients by powers of the

radical. If m = Lowlen X is the Loewy length of X then Lowlen X? =m+p-1land
thus Lemma 4.3 tells us that

05 = () = (00)

and similarly

)= tp_l((tX)%F) e Np

(m—

tP”(XIT)) = tp_l((ti”X)?) € Np. O

10
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4.2 Bounding the global dimension

We have established that if P is an elementary abelian p-group then the set M p is finite,
thus we can define the kP-module M = @xcrq, X. We wish to find an upper bound
for the global dimension of Endyp M. This bound will come as a result of the algebra
being strongly quasi-hereditary using a result of Ringel, which was based on ideas of
Iyama: see [Rinio] and [Iyao3].

Definition (Strongly quasi-hereditary). Let I be a finite dimensional algebra over a
field, let {S; } ;s be the set of simple modules and P; the projective cover of S;. We say
that T is left strongly quasi-hereditary with n layers if there is a function € (called the
layer function)

e:1-{1,...,n}

such that for each simple module S;, there is an exact sequence
0->R,»>P—>A; >0
satisfying:
(a) R;=@jes P; with £(j) > £(i) for each j € J;

(b) if S; is a composition factor of rad A; then £(j) < €(i).

Theorem 2: [Rinio]

|| If T is a left strongly quasi-hereditary algebra with » layers then gldim(T) < n.

We will show that (Endp M)®P is left strongly quasi-hereditary by first defining
a layer function on the elements of M p. This will directly transfer to a layer function
on the projective (and therefore also the simple) modules of (Endyp M )°P.

We define a partition of Mp inductively: first let M% = {kP}. Now let r; =
max{Lowlen X | X € Mp but X ¢ M, for any j < i} be the maximum Loewy length
of modules not yet included in a part. Let d; = min{dim X | X € Mp and Lowlen X =
r;but X ¢ M, forany j < i} be the minimum dimension of modules of this Loewy
length. Now we can define the next layer as M5 = {X € Mp|LowlenX =
riand dim X = d;}.

Example. We highlight this ordering with an example: let P = C, x C, = (g, h). We
have six modules in Mp

. * @
Here we are denoting the regular module by <:>- . Each edge *\, represents the

e s

action of g — 1 and each edge ,* represents the action of h — 1. The notation ¢
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shows that g and h act in the same way. We use this notation as it nicely displays both
the dimension and Loewy length of each module. The classes M}, are then given by

M0={<:>} Lowlen =3, dim=4
M1={\,<:>,/} Lowlen =2, dim =2
Mp={} Lowlen =2, dim=3
Mi={e} Lowlen =1, dim =1

Theorem 3:
Let P be an elementary abelian p-group and let n be such that M7 is empty.
If M = @xem, X then (Endgp M)°P is left strongly quasi-hereditary with at most

n layers.
Proof. Let X be a module in Mp so that
Px = Homyp(X, M)
is an indecomposable projective Endyp(M)-module and let
mX —tX

be the natural projection. Define Ax to be the quotient of Homyp(X, M) by those
maps that factor through m:

Ay = Homyp(X, M)
[Fonl X - M)

and let Ry = Hom(tX, M). We claim that the short exact sequence
00— Ry —Px—Ax—0

satisfies the properties in the definition of left strongly quasi-hereditary algebras.
(a) That Ry is projective and that if X € M}, and tX € M{, then j > i is clear.

(b) Assume that the simple module corresponding to Y ¢ M{) is a composition
factor of Ax. We have a map Py — Ax that lifts to a map Py — Py that does not factor
through Rx:

Py

PN

0 Rx Py Ax 0

12
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By using the correspondence between add M and (Endgp M)°P this gives a map
f:X — Y that does not factor through 7:

Y
3. If
X —— X

If j > i then either LowlenY < Lowlen X, or the Loewy lengths are equal but
dimY > dim X. In either case if m + 1 = Lowlen(X) then rad” X must be in the
kernel of f.

Now assume that j = i and f does not factor through 7. In this situation the head
of X maps onto the head of Y and since the dimensions of X and Y are equal, f must
be an isomorphism.

This is enough to show that if Y is a composition factor of rad Ax then j < i. [J

Corollary. Let P be an elementary abelian p-group and M = @ X. Then
XeMp

gldim(Endsp(M)) < |P|.

Proof. We need only establish that the number of distinct (Lowlen, dim) pairs in Mp
is bounded-above by p” and this is certainly true when P is the trivial group. Now each
module in Mp is one of p quotients of a module induced from an index-p subgroup.
Thus the set of distinct pairs can only increase by a factor of at most p for each increase
in rank. O

Theorem 4:

Let k be a field of characteristic p. If G is a finite group with elementary abelian
Sylow-p subgroup P then
repdim kG < |P|.

Proof. Let M be as in the corollary to Theorem 3, then it follows that

repdim(kG) < gldim(Endyq (M ?)) by definition of representation dimension,
< gldim(Endp M) by the corollary to Theorem 1,
<|P| by the corollary to Theorem 3.
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5 Final remarks and calculations

We end with some comments on the tightness of the bound given by the theorem
of the last section and some implications for other (non elementary-abelian) groups.
Since the class of modules M p has an explicit construction, for small enough groups
we can simply construct the required module (say in Magma) and calculate the global
dimension of its endomorphism ring. In fact, even if the group P is not elementary
abelian we can still attempt to construct the class Mp, however we no longer have
a guarantee that it is finite. The first example of an abelian group for which Mp is
infinite is the group P = Cg x C; x C,, but there are examples of non-abelian groups of
order 16 with the same property. Even in the case that M p is finite, without the implicit
homogeneity we have with elementary abelian groups, the class need not satisfy the
(isom) property; for example if P = C4 x Cg then the (isom) property does not hold.
In this case even if we can calculate the global dimension of the endomorphism ring,
this value will not (necessarily) provide a bound on the representation dimension for
all groups with Sylow p-subgroup isomorphic to P.

With the preceding remarks in mind, we have calculated the global dimension of
the presented endomorphism ring for each abelian p-group of order 16 or less. This
gives bounds for the representation dimension of any group algebra of a group with
the given Sylow p-subgroup. For cyclic groups the global dimension is always 2, the
remaining values can be found in the table below. As we can see from the values in
this table, the bound given by Theorem 4 is not tight except in the case that P = C,.

p CZXCZ C4><C2 C2><C2><C2 C3><C3 C8><C2
repdim < 3 5 6 5 5
p C4><C4 C4><C2><C2 C2><C2><C2><C2
repdim < 6 8 8
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